Pull-in instability is a crucial effect in electrostatically-actuated microelectromechanical devices. This phenomenon was recently shown to occur under both voltage and charge control. So far, for all known cases, it has been shown that, under charge excitation, electrostatic actuators have a larger range of stability than under voltage excitation. No counter-examples are known, and whether this is a general rule for electrostatic actuators is an open question. In this work, a general proof is presented that shows this is indeed a fundamental rule for general electrostatic actuators.
It may seem that, by controlling the applied charge rather than the applied voltage, the PI instability can be prevented. Indeed, it was shown that a charge-controlled parallel plate actuator does not suffer from PI instability. 3, 4 However, it has been shown that other charge-controlled electrostatic actuators may exhibit the PI instability ͑e.g., in the case of torsion actuator 3 or circular plate 4 ͒. Although the total charge is controlled under charge excitation, the charge distribution in the electrodes is determined by the deformation.
In general deformable elements, increasing the total applied charge above a critical value ͑PI charge͒ also results in a dynamic collapse. In this process, a redistribution of the charge rapidly increases the electrostatic forces even though the total charge is fixed. Since the gap in the parallel-plate actuator is and remains uniform, such a redistribution cannot occur, and therefore the parallel-plate actuator is always stable under ͑total͒ charge excitation.
In the torsion actuator, the charge PI is due to charge redistribution and concentration away from the axis of rotation. Furthermore, for this actuator it was shown that the range of stability associated with charge excitation is larger than that of voltage excitation ͑i.e., in this sense the charge PI occurs after the voltage PI͒.
3 Figure 2 presents typical equilibrium curves for an electrostatic actuator under voltage and charge control.
So far, no counter-example for which the voltage PI occurs after the ͑total͒ charge PI was presented. The question as to whether such a counter-example can be found or whether voltage PI always precedes charge PI ͑as in the torsion actuator͒ is still open. APPLIED PHYSICS LETTERS VOLUME 82, NUMBER 2 13 JANUARY 2003 In this work, a general proof that charge PI cannot occur before voltage PI, for a general actuator with an arbitrary number N of degrees of freedom ͑DOF͒, is presented.
The PI instability of voltage-control actuators sets a limitation on the controllable travel range of electrostatic MEMS devices. In many MEMS applications, a large travel range is required for proper operation of the device ͑e.g., scanning micromirror and variable capacitors͒. Therefore, much effort has been invested in finding methods for extending the travel range. Recently, a charge-control scheme has been implemented and tested, 4 making this type of excitation feasible. This implementation together with the proof presented here suggests a means of extending the stable range of all current voltage-controlled actuators.
The essence of the proof is showing that any equilibrium state that is stable under voltage control is necessarily a stable equilibrium state under charge control. This means that the range of stability of the charge-controlled actuator is always equal to or larger than that of the voltage-controlled configuration of the same actuator. The proof is presented for a general actuator with an arbitrary number N DOF, but for convenience, the proof is first discussed for a simpler case of an actuator with 1 DOF.
To this end, consider an electrostatic actuator with a single DOF q, formed by two suspended conducting bodies. An energy source applies either a voltage difference or a fixed charge to the free space capacitor formed between the two conducting bodies ͑Fig. 1͒. The free space capacitor C is assumed to be a linear electrical element, for which the charge Q is proportional to the voltage V, but the capacitance may be a nonlinear function of q. The mechanical strain energy stored in the suspending elements is denoted by U M . The total energy, U T , of the charge-controlled actuator and the total potential energy 9 ⌿ T of the voltage-controlled actuator are given by
The equilibrium states of the charge-controlled actuator and the voltage-controlled actuator are those for which the total energy or the total potential have an extremum, respectively. Therefore, their first derivative with respect to the DOF vanishes at the equilibrium state qϭq 0 :
Since C is a linear electrical element, both configurations will exhibit an equilibrium state at q 0 . This state can be reached either by applying the required voltage across the electrodes or by applying the equivalent charge Q ϭVϫC(q 0 ). The stability of the equilibrium states is determined by the second derivative of the total energy or total potential at equilibrium state qϭq 0 :
where the equilibrium Eqs. ͑2a͒ and ͑2b͒ were used to derive the right-hand-sides ͑RHS͒ of Eqs. ͑3a͒ and ͑3b͒, respectively.
From Eqs. ͑3͒, a relation between the stability of the charge-controlled configuration and the voltage-controlled configuration at the equilibrium state qϭq 0 is derived:
The equilibrium state qϭq 0 is a stable one if the extremum of the energy/potential is a local minimum point; that is, the second derivative of the energy of the charge-controlled actuator or of the potential of the voltage-controlled actuator is positive. Using relation ͑4͒, it is, therefore, easily concluded that if the equilibrium state qϭq 0 is a stable state of the voltagecontrolled actuator ͓i.e., ‫ץ(‬ 2 ⌿ T /‫ץ‬q 2 ) V Ͼ0]; it is also a stable equilibrium state of the charge-controlled actuator ͓i.e., ‫ץ(‬ 2 U T /‫ץ‬q 2 ) Q Ͼ0]. It should be noted that the second term on the RHS of Eq. ͑4͒ is always positive ͑for all practical consideration C is assumed positive͒.
The above conclusion is now generalized for the case of an actuator with N DOF, q 1 ,q 2 ,...,q N , where N is an arbitrary number ͑Fig. 1͒. The total energy of the chargecontrolled and total potential energy of the voltagecontrolled configurations are rewritten as 
As for the 1-DOF electrostatic actuator, the equilibrium states are extremum points. Hence, in the N-DOF actuator, the derivatives of the total energy/total potential with respect to all the degrees of freedom vanish at the equilibrium state (q 10 ,q 20 ,...,q N0 ):
As before, the equilibrium state (q 10 ,q 20 ,...,q N0 ) can be reached by applying the required voltage across the plates or by applying the equivalent charge Q ϭVϫC(q 10 ,q 20 ,...,q N0 ).
The stability of the equilibrium state (q 10 ,q 20 ,...,q N0 ) of the N-DOF actuator is determined by the eigenvalues of the stability matrix A, which is given by
Equations ͑6a͒ and ͑6b͒ were used in the derivations of Eqs. ͑7a͒ and ͑7b͒, respectively. The relation between the stability matrices of the charge control actuator A Q and the voltage control actuator A V at the equilibrium state (q 10 ,q 20 ,...,q N0 ) can be derived from Eqs. ͑7͒:
The equilibrium state (q 10 ,q 20 ,...,q N0 ) is a stable one when the stability matrix is positively defined, i.e., the extremum is a local minimum point. Thus, for any vector ␤R N , the value of ␤A␤ is positive. Using the Einstein summation convention on repeated indices, Eq. ͑8͒ can be rewritten in the form
where ‫ץ‬C/‫ץ‬q ជ ␤ ϭ␤""C is the projection of the capacitance gradient on the vector ␤. The second term on the RHS of Eq. ͑9͒ is always positive (CϾ0). Therefore, it is concluded that if the equilibrium state (q 10 ,q 20 ,...,q N0 ) is a stable state of the voltage-controlled actuator ͑i.e., ␤ i A i j V ␤ j Ͼ0), it is necessarily a stable equilibrium state of the charge-controlled actuator ͑i.e., ␤ i A i j Q ␤ j Ͼ0).
To conclude, it was shown that a general electrostatic actuator necessarily has a larger travel range under charge control than it has under voltage control. This proof motivates the use of charge control for driving MEMS devices instead of the prevalent voltage control in cases in which a large travel range is required.
